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Abstract 

It has recently been suggested that a superpotential for the baryonic branch of the 
Klebanov-Strassler field theory (KS) should exist for a sector of the dual supergravity 
fields. In this note we would like to argue that if extended to cover the whole set of 
supergravity fields a would-be superpotential does not have a perturbative expansion 
around the known KS superpotential. Since the family of supergravity duals to the 
baryonic branch is an expansion around the warped deformed conifold, our argument 
most likely indicates that there is no such superpotential, and hints that some one- 
parameter supersymmetric solutions do not arise from BPS flow equations. 
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1 Introduction 



The warped deformed conifold [T] (also known as the Klebanov-Strassler solution), the 
solution corresponding to D3-branes on the resolved conifold [2] and the Chamseddine- 
Volkov/Maldacena-Nufiez solution [3llll|5] (CVMN), all three arise from a common reduction 
of IIB supergravity. Indeed, the aforementioned solutions - realizing the holographic dual to 
confinement and chiral symmetry breaking via the deformation of the conifold, or whose field 
theory dual flows in the infrared to four-dimensional TV = 1 sYM - are particular solutions to 
the one-dimensional Lagrangian obtained by reduction of the Papadopoulos-Tseytlin Ansatz 
(PT) [6] for IIB supergravity. This Ansatz underlies the family of supersymmetric, regular 
solutions found by Butti, Grafia, Minasian, Petrini and Zaffaroni |7] describing the baryonic 
branch of the Klebanov-Strassler field theory dual [H |9j§ 

As stressed in [6l [131 E]) it would be natural to try and find a superpotential for the 
generic solutions interpolating between the Klebanov-Strassler and the CVMN solutions, es- 
pecially in view of the extensive use made of superpotential^ in the analysis of the space of 
linearized perturbations around backgrounds with charge dissolved in flux, the identification 
of candidate duals to metastable supersymmetry-breaking states and the issue of their in- 
frared singularities [I6l[171[l8l[l9l[il[2ll[22l[231|2l]. See also [251 |26l |27] and [281 [29] for 
related investigations. 

The aim of this note is to explain why finding such an interpolating superpotential likely 
cannot be achieved. In turn, this would imply that there exist supersymmetric solutions that 
depend on one variable and yet fail to admit a superpotential, which is rather unexpected 
in view of the standard lore. More specifically, the family of supersymmetric solutions [7] 
interpolating between CVMN and the warped deformed conifold are determined by first- 
order equations; our result implies that those first-order equations are not flow equations 
derived from a superpotential. 

It is important to note that the results of the present paper are not in contradiction 
with a recent indirect argument pointing to the existence of a superpotential for the NS 
sector of the supergravity dual to the baryonic branch of KS [13] . The authors of [13] have 
indeed rediscovered the superpotential for a particular NS-sector truncation on the conifold; 
this superpotential was actually first derived in [30]. On the other hand, one can generate 
the baryonic branch for the Klebanov-Strassler solution from Type I supergravity, applying 
the TST transformation used by Maldacena and Martelli to this purpose [31]. The Type I 
Ansatz used by Maldacena and Martelli satisfies the BPS flow equations derived from the 
superpotential for the NS-sector truncation of [13]. The proposal of [13] is that in principle 
a superpotential for the NS fields of the baryonic branch could then be obtained by applying 
the TST transformation of Maldacena and Martelli. This amounts to a field redefinition and 
even though there was some confusion after the release of [13] shortly before the work at 
hand, it is actually not claimed in [13] that type I fields could somehow be morphed into the 
full set of supergravity fields describing the baryonic branch of KS. 

■^See [ini [H] for work that anticipated this resuh and [12] for a short review with physical motivations 
and subsequent references. 

■^FoUowing the approach initiated by Borokhov and Gubser jl5) . 
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2 The Papadopoulos— Tseytlin Ansatz 



The Klebanov-Strassler background [1] exhibits an SU(2) x SU(2) x Z2 symmetry. The 
Z2 symmetry interchanges the angular coordinates (6'i,0i) and (^2)02) parameterizing the 
two jS^'s from the tranverse topology. On the gauge theory side, this symmetry amounts 
to exchanging the fundamental and anti-fundamental representations of the SU(A^ + M) x 
SU(M) gauge groups. Outstanding surveys of this background can be found in [32l [33] . 

We are interested in deformations of the warped deformed conifold that break this Z2 
symmetry (whereby the two copies of SU(2) are inequivalent). As such, we are looking for a 
family of non-supersymmetric solutions with SU(2) x SU(2) symmetry which are continuously 
connected to the KS solution. 

The most general Ansatz consistent with those symmetries was put forward by Pa- 
padopoulos and Tseytlin (PT) [6]. The metric is written as 



e^^ dsl 3 + e-^^-^ dT^ + 6^+^ {el + el) + e 



[el + el) 



+ e" 



-X ~2 



where all the stretching and warping functions depend only on the bulk radial variable r and 
we found it more convenient to work with the conventions of [7j instead of those originally 
used by Papadopoulos and Tseytlin. In particular, we opt for a string-frame metric. Note 
that the two S'^'s become equivalent when = 1 — e^^. This would reduce the number of 
functions in the Ansatz by one, a = tanh(?/), e~^ = cosh(y). 
The fluxes and axio-dilaton of the PT Ansatz are 



H3 = h2{T) 63 A (ei A d + £2 A 62) + dT A h[{T) (ei A £2 + ei A 62) 
+ x'(r) (-61 A es + ei A 63) + h'^ir) (ei A 63 - £2 A ei) 



(2) 



P 



ei A e2 + ei A 62 - 6(r) (ei A 62 - €2 A Ci) 



+ b'{r) dr A (ei A d + £2 A 62) 



(3) 



+ *J^l 



5 , 



-^5 



Q + 2 P (hir) + bir) hir)) 



$ = <l>(r), Co = 0, 



ei A 62 A ei A 62 A 63 



(4) 



with Q, P being related to the number of ordinary and fractional branes, respectively. A 
prime denotes a derivative with respect to r. The function x is an additional component 
of the NS three-form which arises from breaking the Z2 symmetry of the warped deformed 
conifold. It is commonly eliminated via its algebraic equation of motion. 

The IIB supergravity action is then reduced to a one-dimensional effective action that 
gives the equations of motion for the fields entering the Papadopoulous-Tseytlin Ansatz. 
This takes the following form: 



dr 



lGatrct>"-V{cl>) 



(5) 
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The set of scalar functions (j)"', a = 1, 10 appearing in the above Ansatz will from now on 
be referred to in the following order: 



0" = {a,9,x,p,A,^,b,hi,h2,x) ■ 
The field-space metric is found to be 



(6) 



1 
2 



4 



4 



3 

6 A' p - -x' ^' - 3 x' p' + 3p ^ 



1 4A 




8 





+ e-'3 {{l + a^)h[ + 2ah'2 + {l-a^)x'Y + 2 {a h[ + h'^ - a x'f 



(7) 



while the potential is given by 



where 



V9M = - ^ e'^-'^-'" {e^ + (1 + a') e"^) 
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and 



mat 



^ ^ g4A-12p-2x-2$ ^g2, ^ ^^2 _ ^)2 g-29 ^ 3 a^) 
^ [2 + P2 g4A ^^2g ^ ^-2g ^^2 _ ^ ^ + 2 {a - hf) 



(9) 



(10) 



There is in addition the "zero-energy condition" coming from the i?^^ component of the 
Einstein equations, which results in the constraint | Gab 0'" 4>'^ = ^(0)- 

3 Candidate superpotential 

By definition^, a superpotential is related to V ([8]) through 

1 , dW dW 
V= -G^'^^ . (U) 



''When the warp factor is counted out of the field space metric, this relation is written as V 
h G""^ — aW'^ for some particular real number a. 
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Second-order equations of motion and the "zero-energy" condition then follow from the 
system of first-order flow equations 



2 d(j)b 



(12) 



Whether or not solutions to these first-order equations are actually BPS is a subtle issue, 
depending on the superpotential being a genuine superpotential or a fake one. See [I3] for a 
nice discussion and pointers to a vast literature. 

Our purpose is now to try and identify a superpotential for the Papadopoulos-Tseytlin 
Ansatz. Let us outline how we proceed. It would clearly be hopeless and overkill to give a stab 
at solving an eikonal equation for an unknown function W{(fi°-) with an entirely undetermined 
dependence on the fields {(j)""}, a = 1, 10. Rather, the first stage to ease the task is to note 
that many of the fields 0" appear only as exponentials affected with some specific weights. 

For instance, the warp factor A from ([1]) comes into sight only as a global e^"^ everywhere in 
the potential ([8]) of the Papadopoulos-Tseytlin Ansatz. Similarly, the inverse metric involves 
an e~'^^ in all its entries. Combining these observations with relation f lTTj) guarantees that 
the field A is bound to appear in the superpotential as an overall e^^. Following the same 
reasoning for the fields p, x and all of which show up only as exponentials of definite weights 
in the field-space metric and Papadopoulos-Tseytlin potential, we are led to consider the 
following contender for a superpotential: 



candidate 



iA-2'S> 



-29 (I 



e^ay + e'^ X[a, g] 



- e 
2 



C[a,g] Q + 2P{hi + bh2) 



(13) 



In the forthcoming discussion we explain in some more detail why a would-be superpo- 
tential for the baryonic branch of the warped deformed conifold must be of this form. It will 
be convenient to refer to the different pieces of Wcandidate as follows 



W. 



candidate 



(14) 



where 



(15) 



In view of the expression derived from ([7]) for the inverse field-space metric G"*, it is clear 
that only G""^ |^ |^ with derivatives of Wcandidate acting solely on ly*^-"^) have a chance to 
reproduce the term of ([8]) that is proportional to e4A-i2p-2x-2'i>^ ^^^q third line of (|9]). 
Similarly, derivatives acting on M^^^) are the only ones that have any chance to give rise to 
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the term i q2 g4A-2g+2a;-2'i> ^Yie second line of once again from consideration of the 
weights in A, x and $. 

The whole term on the second line of f|T3l) . i.e. W^^\ should give rise to all of Vmat- 
Indeed, there is no other possibility. For instance, cross-terms of the type C"^ '^^1'^ 
[i 7^ j) cannot possibly yield the correct weights in A, x and $ found in Vmat- Explicitly, we 
see that acting with a field derivative on W^^'' results in an overall factor of e^"^~*. Acting 
on W^^'^ or W^"^^ generates an overall e^"^~^*~^P or an overall e^"^~^*+^^. The possible G"''"s 
linking those two sets of derivatives give either e~^^ or something proportional to 6"^"^"^^+^*. 
We thus see that no cross-term can possibly reproduce any of the weights appearing in Vmat, 
namely e'^'^, g4yi-2$ g"^^"^^'. 

Proceeding further in this stepwise way, it can be verified that W^^^ correctly reproduces 
the last term in the potential ([9]), i.e. 

8^ %^%r=l e-"— (e^^ + (a^ - 1)^ e^^ + 2 a^) . (16) 

A hint that led us in the first place to this expression for W^^^ boils down to it being pro- 
portional to the known superpotential for the Maldacena-Nunez solution (as first identified 
in Section 5.2 of [6]). Furthermore, we will see in a short while that on the Z2-symmetric 
point of the baryonic branch it reduces — as it should — to one of the pieces from the known 
expression for the Klebanov-Strassler superpotential. 

Now that such considerations on the weights of the exponentials of A, p, x and $ have 
cleared quite a lot the allowed structure of a candidate superpotential, one should next 
determine A[a,5f] and Cf^^jS'] entering (fT3l) by requiring that the defining equation for a su- 
perpotential (fTT!) be obeyed, with the potential V given in (Q and (ITOl) . 

However, in view of an argument we have already appealed to — namely that no cross- 
term can possibly be involved — one can first apply another preemptive simplification before 
embarking on this task. Indeed, we notice that setting C[o,5'] = 1 is such that the second 
line of Wcandidate aH by itself correctly accounts for the whole of Vmat- 

Accordingly, we are now ready to insert 



W — p4yl-2$ 

' candidate C 

1 



e-^P W 1 + ^ (1 - a2 - e^af + e^- A[a, g] 



Q + 2P{hi + hh2) (17) 



into the defining relation fill I) . As it turns out, one ends up with two partial differential 
equations to solve, including an eikonal equation for the unknown function A [a, (7]: 

^^^^^V+f^V=a^e-^. (18) 



\da J \dg 

It is not so difficult to guess the solution to this eikonal equation!^. Its expression is quite 



two-dimensional eikonal equation is a first-order, nonlinear partial differential equation of the form 
ly = n(x, y)^. The surfaces u(x, y) = c are the wavefronts, n(x, y) corresponds to the "refraction of the 



medium" 
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neat: 

X[a,g] = Vl + 0? e-25 . (19) 

Alternatively, this equation can be solved using the method of characteristics [Ml [35] , taking 
the Klebanov-Strassler solution as the parameterized initial curve r(s) : (a(0, s), (^(0, s), /(O, s)). 
By the uniqueness theorem for solutions to p.d.e.'s of the eikonal type, our expression ( !T9l) 
for A[a, g\ is the only acceptable solution to (ITSl) that goes through the Z2-symmetric point 
of the baryonic branch (i.e. the Klebanov-Strassler solution [1]). 

Note that if the fields a and g from the Papadopoulos-Tseytlin Ansatz are constrained 
by the Z2 symmetry relation = 1 — e^^ (so that now a = tanh(?/) and = cosh(?/)) then 
1^(2) reduces to VF^^) _^ cosh(y) e4^+2^-2*. Similarly, ly(^) becomes g^^-sp-si'-s. This way, 
Wcandidate indeed reduces to the known superpotential for the warped deformed conifold, first 
found in [61^1. 



It would thus naively appear that we have obtained a strong candidate for the superpo- 
tential for the baryonic branch of the Klebanov-Strassler solution. We have seen how each of 
its three distinctive pieces correctly reproduce separate terms in the PT potential and how, 
on the Z2-symmetric point of the baryonic branch, they yield the known expression for the 
KS superpotential. 

But this is not the end of the story and it turns out that Wcandidate, namely 
Wcandidate = e'^^^^"^" v^TT^^^ + ^ e^^-^p-S*-, y^^^ + 2 (-1 + e^^) + (1 + e^^)^ 

+ }-[Q + 2P{h, + bh^)] e^^-*, (20) 

unfortunately fails to satisfy the defining relation ^ = | G"'^ |^ 

Indeed, the partial differential equation f lTSj) that we have solved for A [a, g] is not the only 
one that is required for the defining relation flTT]) to hold. One must also ensure that A[a,5^] 
obeys 



e^9^ \ (I_a2_g25)2 

4 ^ ' 



' og oa 



2 e^' (1 + + ^2 (1 + a?) + (-1 + a^f e~^9 + e^a . (21) 

The only acceptable solution to the eikonal equation f|T8l) — that is, the one from equa- 
tion f|T9l) — fails to satisfy equation fl2T]) . the other of the two constraints for a superpotential 
to exist for the baryonic branch, apart from flTH]) which we successfully solved. 

This obstruction stems from the impossibility for the mixing of the derivatives of W^^'^ 
and of Vr(2) to correctly reproduce no more than the first term in the "metric" part of the 
PT potential, the one appearing on the first line of the r.h.s. to equation ([9]). 



® After taking into account that in [B], the superpotential is written in Einstein frame and with a different 
choice of the warp factor multiplying the Minkowski part of the lOd Ansatz metric. 
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As we have seen, this conclusion is backed by actually solving an eikonal equation for 
our candidate superpotenfaS As a cross-check it should be mentioned that we have also 
separately verified that the obstruction to getting a superpotential fails at fourth order in a 
series expansion of the fields from the PT Ansatz around the Klebanov-Strassler solution. 

The end-result to the approach exposed in this note — the lack of a superpotential for 
the baryonic branch of the warped deformed conifold — might seem unexpected, especially 
in view of some unpublished results [36] establishing the existence of a superpotential for 
a higher-dimensional analogue of the Papadopoulos-Tseytlin Ansatz, encompassing the so- 
called warped Stenzel backgrounci§. 

Our result does not rule out however that there might be a superpotential for parts of the 
baryonic branch, away from the Z2-symmetric point of the family (the Klebanov-Strassler 
solution). Indeed, crucial to our argument and to solving the eikonal equation ( ITSl) is an 
initial condition for this p.d.e. While a solution to an Hamilton-Jacobi equation always exist 
localljl^, there is no general theorem ensuring its global existence. Yet, we had little choice 
but to take some of the known expressions for the Klebanov-Strassler solution as our initial 
conditions, given that the Klebanov-Strassler solution is the only solution among the family 
of supergravity duals to the baryonic branch for which a superpotential is explicitly known. 
Our result seems to rule out the existence of a superpotential on a field-space patch centered 
around KS beyond fourth-order in a series expansion of the supergravity fields around the 
Klebanov-Strasser solution. 
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